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We study non-equilibrium noise in the tunnelling current between the edges of a quantum Hall
liquid in the Pfaffian state, which is a strong candidate for the plateau at ν = 5/2. To first non-
vanishing order in perturbation theory (in the tunneling amplitude) we find that one can extract
the value of the fractional charge of the tunnelling quasiparticles. We note however that no direct
information about non-abelian statistics can be retrieved at this level. If we go to higher-order in
the perturbative calculation of the non-equilibrium shot noise, we find effects due to non-Abelian
statistics. They are subtle, but eventually may have an experimental signature on the frequency
dependent shot noise. We suggest how multi-terminal noise measurements might yield a more
dramatic signature of non-Abelian statistics and develop some of the relevant formalism.
PACS numbers: 73.23.-b, 71.10.Pm, 73.43.Jn
I. INTRODUCTION
Recently, there has been increased interest in the pos-
sibility that non-Abelian braiding statistics might occur
in the fractional quantum Hall regime, particularly at
ν = 5/2 and, possibly, other fractions in the first excited
Landau level. One possible state describing the ν = 5/2
plateau is the Pfaffian state1,2,3,4, which combines as-
pects of the fractional quantum Hall effect and BCS pair-
ing. Its quasiparticle excitations obey non-Abelian braid-
ing statistics1,2,3,4. Thus far, the strongest evidence in
favor of this state comes from numerical studies of elec-
trons in the first excited Landau level5. Given the special
topological properties of this state, it would be of great
importance to have a clean experimental test to identify
it. Such tests, measuring directly the braiding of quasi-
particles, have been proposed in refs. 4,6,7,8. Here, we
see if more indirect, but simpler experiments can reveal
some of the same properties of this state.
Current noise measurements are an interesting possi-
bility. Since the current is delivered in fractional charge
e∗ packets, the zero-frequency limit of the current noise
evinces shot noise. The ratio between the shot noise
and the current is simply e∗, as has been observed
experimentally10. It is believed11,12 that such experi-
ments could also be used in various setups to also ”mea-
sure” the statistics of quasiparticles, though actual ex-
periments addressing this issue are much fewer13. In
photon-counting experiments, “bunching” is observed,
while the analogous noise measurments in a Fermi liquid
show “anti-bunching”, as a result of Fermi statistics. In
a state in which the quasiparticles are anyons, one might
expect something intermediate between these two lim-
its, from which the statistics might be extracted. In the
Pfaffian state, something even more interesting might be
observed since the quasiparticles have non-Abelian statis-
tics.
The difference between a non-Abelian state, such as
the Pfaffian, and an Abelian state, such as the Laugh-
lin state, is most easily seen when two quasiparticles are
brought together, or ‘fused’. In an Abelian state, there is
a unique quasiparticle type which is obtained (up to addi-
tional bosonic excitations). For instance, when two e/3
Laughlin quasiparticles are brought together, a charge
2e/3 quasiparticle is obtained. When a charge e/3 quasi-
particle is taken around a 2e/3 quasiparticle, the wave-
function acquires a factor e4πi/3. One the other hand,
when two charge e/4 quasiparticles in the Pfaffian state
are fused together, there are two possible outcomes, both
with charge e/2. They differ by the presence or absence
of a neutral fermion. Thus, when a charge e/4 quasi-
particle is taken around two fused e/4 quasiparticles, the
factor which is acquired is either i or −i, depending on
how the particles fuse. (When they fuse to form a linear
combination of the two possible outcomes, taking an e/4
quasiparticle around them would transform them into a
different linear combination.) It is this multiplicity of
outcomes of fusion which we would like to access through
consideration of the noise.
In this paper we analyze the non-equilibrium noise in
the tunnelling current between two edges of a FQH liq-
uid in a Pfaffian state and we find that, indeed, infor-
mation about the fractional charge and statistics of the
FQH Pfaffian quasiparticles can be extracted from the
two-terminal noise. In particular, we find that up to first
order in perturbation theory, the shot noise contains suf-
ficient information to allow for the measurement of the
fractional charge of the tunnelling quasiparticles. The
charge also shows up in the Josephson frequency. When
we also compute higher-order corrections to the noise,
non-Abelian effects come into play. One of the effects
of statistics in the Pfaffian state is that the peak in the
noise at the Josephson frequency is shifted toward lower
frequencies and enhanced, while in the Laughlin state it
is flattened.
This is less dramatic than the underlying physics be-
cause once the quasiparticle four-point function correla-
2tion function is Fourier transformed and inserted into the
expression for the noise, its structure is masked. Nev-
ertheless, a two-terminal noise measurement is a good
starting point for discussing more complicated setups.
We discuss other possible experiments, with more termi-
nals, and assess their usefulness for observing the effects
of non-Abelian statistics.
In Section II we lay out the formalism necessary to
calculate the tunnelling current and current fluctuations
and note the expected non-linear I − V characteristic
for tunneling into the Pfaffian state. In Section III we
analyze the first non-zero order in perturbation theory
for both the tunnelling current and shot noise. In Section
IV we go to the next order in perturbation theory and to
finite temperature. In Section V we present and discuss
our results. We conclude in Section VI.
II. FORMALISM
The Pfaffian state1,2,3,4 describes electrons in a half-
filled Landau level (with straightforward generaliza-
tion to other even-denominator filling fractions or odd-
denominator filling-fractions for systems of bosons).
While there does not appear to be a FQH plateau at
ν = 1/2, there is one at ν = 5/2 = 2 + 12 . We ignore
the filled lowest Landau level (of both spins), and fo-
cus on the half-filled first excited Landau level, which we
suppose is described by the Pfaffian state. The gapless
chiral theory describing excitations at the edge of a Pfaf-
fian state is a 1 + 1 −D conformal field theory (CFT)9.
The edge theory has a charge sector – which is a free
boson – and a neutral sector which is a c = 1/2 Majo-
rana fermion. The latter is the chiral part of the critical
theory of the 2D Ising model. In addition to the iden-
tity operator, the latter has a spin or twist field σ and a
Majorana fermion operator ψ.
Considering the fact that a physical operator must
have a single-valued correlation function with the elec-
tron operator, the operators which can be identified with
quasiparticle operators are Φ1/4(x) = σ(x) e
i
√
gφ(x)/2;
Φ1/2(x) = e
i
√
gφ(x); Φ1(x) = e
i 1√gφ(x); the neutral
fermion ψ; and Ψe(x) = ψ e
i 1√gφ(x). Here, g = 1/2.
Here Ψe is the electron annihilation operator, while
Φ1/4, and Φ1/2 annihilate quasiparticles with fractional
charge ge/2 = e/4, and ge = e/2 respectively. In
a tunnelling process between two edges of a quantum
Hall liquid, the most relevant (in the RG sense) pro-
cess will be the backscattering of the e/4 charged Φ1/4
quasiparticles. We need to note also that the fields
φ, ψ, and σ also need to be characterized by a chi-
ral index R/L, denoting which of the right/left moving
branches of the theory the fields belong to, such that
Φ1/4,R/L(x) = e
±i√gφR/L(x)/2σR/L(x), and ΨeR/L(x) =
ψR/Le
±i 1√gφR/L(x).
We can write an edge theory for the charged φ sector
of the theory, which is analogous to the Laughlin state
with g = 1/2. The corresponding Lagrangian density for
the right and left moving modes is15,16:
LcR/L =
1
4π
∂xφR/L(±∂t + v∂x)φR/L, (1)
where v is the velocity of the edge excitations, which
we will set to 1. The fields φR/L satisfy the equal time
commutation relations
[φR/L(t, x), φR/L(t, y)] = ±iπsgn(x− y). (2)
We can also write15,16 the total Lagrangian in terms of
φ = φR + φL,
L0(x, t) = 1
8π
{[∂tφ(x, t)]2 − [∂xφ(x, t)]2}. (3)
where φ is satisfying [φ(t, x), ∂tφ(t, y)] = 4πiδ(x− y).
The Lagrangian for the neutral sector of the theory is
LnR/L =
1
2π
ψR/L(±∂t + v∂x)ψR/L, (4)
The Ising spin fields σR/L are twist fields for the Majo-
rana fermion ψR/L: whenever a Majorana fermion goes
around its twist field, it changes sign. The Ising spin
are most easily described in a conformal field theory pic-
ture. The chiral σR/L fields have conformal weight 1/16,
while the combination σ = σRσL, which we will use later
on, has dimension 1/8. Also, information about the two
point correlations and four point correlation functions of
the σ fields have been derived in the CFT context. While
the two-point functions are simple power laws, the four
point functions have a more complicated structure, which
incorporates the effects of non-Abelian statistics. This is
described in detail in Appendix B.
We are going to study a FQH setup similar to the one
depicted in Fig.1. In the presence of an applied voltage
V , a current I0 is injected in the sample through lead
A. In the absence of inter-edge tunnelling, this current
will be picked up in lead C. If a gate voltage is applied
across the sample, such that the sample is constricted,
as indicated in the figure, quasiparticles from one edge
can tunnel to the other edge, thereby giving rise to a
tunnelling current It. This current can be measured in
lead B. While the current in lead A will not be changed,
the current picked up in lead C will be reduced to I0−It.
We can write down the tunneling operator between
the two edges of the quantum Hall fluid noting that a
tunnelling process annihilates a right/left mover quasi-
particle and creates a left/right moving quasiparticle on
the opposite moving branch (see Fig.1).
Htun = ΓΦ
†
1/4,L(x = 0)Φ1/4,R(x = 0) + h.c. (5)
which generates a change in the Lagrangian density:
δL(t, x) = −Γσ†R(t, 0)σL(t, 0)eiφ(t,0)
√
g/2 + h.c. (6)
From the scaling dimensions of the fields in (5), we de-
duce that the tunneling operator has dimension 3/4.
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FIG. 1: The two-terminal noise setup in a quantum Hall bar.
Current is injected at A and measured at B. The voltage
drop between these two terminals is also measured.
Hence, we expect the non-linear I-V characteristic for
weak inter-edge tunneling at T = 0 to be14
It ∼ V −1/2. (7)
For T > V , the tunneling conductance varies as
GT ∼ T−3/2. (8)
Note that the operator which tunnels a charge-1/2
quasiparticle is also relevant, but less so than (5).
Htun = Γ
′Φ†1/2,L(x = 0)Φ1/2,R(x = 0) + h.c.
= −Γeiφ(t,0)
√
g + h.c. (9)
A voltage drop between the edges of the quantum Hall
liquid can be introduced15,16 by letting Γ → Γe−iω0t,
where ω0 = ωJ = geV/2~. The tunnelling current op-
erator is It =
1
i~ [NR, H ] = − 1i~ [NL, H ] where NR/L are
the total charge operators on the R/L edges. Using the
commutation relations between the charge and the quasi-
particle operators17, we find
It(t) = ie
∗Γσ†L(t, 0)σR(t, 0)e
iφ(t,0)
√
g/2e−iω0t+h.c., (10)
where e∗ = ge/2 = e/4. The fluctuations (shot noise) in
the tunnelling current can be written as
S(ω) =
∫
t
S(t)eiωt, (11)
where
S(t) =
1
2
{It(t), It(0)}. (12)
In the next section we will find the expectation value of
the tunnelling current operator and of the shot noise up
to the first non-zero order in perturbation theory in the
tunnelling amplitude Γ.
III. NON-EQUILIBRIUM SHOT NOISE AND
TUNNELLING CURRENT TO FIRST NON-ZERO
ORDER IN PERTURBATION THEORY
We note that our problem is non-equilibrium, so that
we should use the Keldysh non-equilibrium formalism20.
However, for the zeroth and first order perturbation the-
ory, there is no difference between the equilibrium and
non-equilibrium formalisms15, so in this section we will
make use of the equilibrium formalism to study the ex-
pectation values of the current and shot noise to first
non-zero order in perturbation theory. Thus
〈It〉 = 1Z
∫
Ite
iS , (13)
where S is the total action S = S0 + δS =
∫
dtL0 +∫
dtδL, and Z is the partition function. We can expand
the exponential to first order in the tunnelling to obtain
〈It〉 = i
∫
dt′〈It(t)δL(t′)〉0, (14)
where 〈〉0 denotes taking expectation values with respect
to the non-perturbed action S0.
Since the expectation value of the current It is time
independent, we can set t = 0. Also, one cannot dis-
tinguish between σ†R/L and σR/L, so we will write our
result in terms of the expectation value of the operator
σ = σRσL. Moreover, since x = 0 for all operators, we
will drop the spatial index, and we will only write down
the time index. Also, all expectation value symbols on
the right hand side refer now to the unperturbed action.
The expectation value for the current becomes
〈It〉 = e∗|Γ|2
∫
dt′〈σ(0)σ(t′)〉[eiω0t′〈ei√gφ(0)/2e−i√gφ(t′)/2〉 − e−iω0t′〈e−i√gφ(0)/2ei√gφ(t′)/2〉]. (15)
We note that 〈e±i√gφ(t)/2e∓i√gφ(0)/2〉 = eg〈φ(t)φ(0)〉/4
and15 that 〈φ(t)φ(0)〉 = −2 ln(ǫ + it), where ǫ is a short
time/high energy cutoff. Also, we know from CFT21,
that 〈σ(z)σ(z′)〉 = |z − z′|−δσ , where δσ = 1/4, and
z = τ + ix. This yields by analytical continuation
τ → it+ ǫ, 〈σ(t)σ(0)〉 = (ǫ+ it)−δσ .
4Putting all the factors together and performing the
integrals over time one obtains
〈It〉 = 2π
Γ(δ)
e∗|Γ|2ωδ−10 , (16)
where Γ(x) is the Euler Gamma function, δ = δσ + δφ =
δσ + g/2 = 1/2, e
∗ = ge/2 = e/4, and ω0 = geV/2~
is the Josephson frequency corresponding to the applied
voltage V .
Note that the total current injected in the sample
through lead A due to the applied voltage V is I0 =
(g/2)(e2/h)V , which is splitting between the leads B and
C, 〈It〉 being the tunnelling current picked up in lead B.
Obviously, in the absence of tunnelling (Γ = 0) the tun-
nelling current is zero and the currents in leads A and C
are equal, and equal to I0.
Similarly one can calculate the shot noise in the tun-
nelling current. Up to the first non-zero order in pertur-
bation theory this is:
〈S(t)〉 = 1
2
〈I(t)I(0) + I(0)I(t)〉
= e∗2|Γ|2 cos(ω0t)〈σ(t)σ(0)〉eg〈φ(t)φ(0)〉/4 + (t→ −t)
= e∗2|Γ|2 cos(ω0t)
[ 1
(ǫ+ it)δ
+
1
(ǫ− it)δ
]
. (17)
We note that in the limit of ǫ → 0, we can rewrite the
expression for 〈S(t)〉 as follows.
〈S(t)〉 = e∗2|Γ|2 cos(ω0t) 1|t|δ [e
iπδsgn(t)/2 + e−iπδsgn(t)/2]
= 2e∗2|Γ|2 cos(ω0t) 1|t|δ cos(πδ/2). (18)
So 〈S(t)〉, even to first non-zero order in perturbation
theory incorporates in it information about both the frac-
tional charge and the fractional statistics of the quasi-
particles. For example, e∗ = ge/2 is a measure of the
fractional charge of the tunnelling quasiparticles. The
factor cos(πδ/2), where δ = g/2 + δσ is a measure of the
statistical angle, which incorporates combined informa-
tion about the charge mode through g/2, as well as about
the neutral Ising mode through δσ. Also 〈S(t)〉 decays
as a power law in time, with a coefficient δ. Moreover,
it oscillates with a periodicity ω0 = geV/2~, the Joseph-
son frequency, which incorporates information about the
fractional charge ge/2. However, no direct information
is retrieved about the non-abelian σ Ising mode, since its
non-abelian properties only appear for fourth or higher
order correlation functions of the σ operators21.
Note that for the simple case of tunnelling between the
edge states of a Laughlin quantum Hall liquid with filling
fraction ν, our results change such that δ → δl = 2ν, and
e∗ → e∗l = νe.
We can also study the frequency dependent noise
〈S(ω)〉 = ∫
t
eiωt〈S(t)〉. By taking a non-zero cutoff ǫ,
and performing the integral over t exactly, one finds that
〈S(ω)〉 = π
Γ(δ)
e∗2|Γ|2[|ω − ω0|δ−1 + |ω + ω0|δ−1]
=
e∗
2
It[|1− ω/ω0|δ−1 + |1 + ω/ω0|δ−1]. (19)
We note that the ratio 〈S(ω)〉/〈It〉 is a universal function,
independent of the strength of the tunnelling Γ. More-
over, at zero frequency 〈S(ω)〉/〈It〉 = e∗, from where a
precise measurements of the fractional charge can be per-
formed, and indeed has been done10 for the simpler case
of a Laughlin state with e∗ = e/3. For our situation the
fractional charge e∗ = ge/2 = e/4 of the tunnelling quasi-
particles can be extracted. The last feature we note is the
presence of the singularity in frequency at the Josephson
frequency ω = ω0.
The quantity 〈S(ω)〉 seems to yield less information
than 〈S(t)〉, however, it allows for a clean measurement
of various quantities such as the fractional charge and the
Josephson frequency, independently of the magnitude of
the tunnelling coefficient Γ or of other experimental fac-
tors. We note that at this order in perturbation theory,
it is impossible to extract direct information about the
statistics of the non-abelian Ising mode. Since we are in-
terested in the non-abelian characteristics of the Pfaffian
state, we will go to the next order in perturbation the-
ory, from where more information about the non-abelian
character of the quasiparticles can be extracted.
We should note that all our calculations till now are
performed at zero temperature. The generalization to
finite temperature is straightforward, but at this order
in perturbation theory the finite temperature will not
provide any novel information, so we will not study this
situation until later on in the following section.
IV. HIGHER ORDER PERTURBATIVE
CORRECTIONS TO SHOT NOISE
In the previous section we computed the tunnelling
current and the shot noise up to the first non-zero or-
der in perturbation theory. In this section we will study
the next order correction. Before starting the calcula-
tion, a few comments are in order. First, we need to note
that to this perturbative order, one also needs to sub-
tract the noncorrelated piece 〈It(t)〉〈It(0)〉 = 〈It〉2 from
the expectation value of the shot noise 〈S(t)〉. Subtract-
ing this contribution has no effect to the order |Γ|2, as
〈It〉2 is of order |Γ|4, but needs to be considered when
we compute the shot noise to the order |Γ|4. We expect
that 〈S(t)〉 − 〈It〉2 goes to zero when t is large, as the
current should be uncorrelated with itself for large time
separations. Moreover, the tunnelling current 〈It〉 is in-
dependent of time, so the correction to 〈S(t)〉 will be a
mere constant. In principle this correction can be de-
termined easily from our calculations, but since it may
slightly depend on various cutoffs, etc., we will account
5for it by automatically renormalizing 〈S(t)〉 such that it
goes to zero for large t.
The second thing we need to note is that we are usu-
ally interested not in the actual 〈S(ω)〉, but in the ratio
〈S(ω)〉/〈It〉. If we compute 〈S(ω)〉 up to |Γ|4, in order
to compute the ratio accurately to order |Γ|4, then we
should also carefully compute 〈It〉 to order |Γ|4. How-
ever, since 〈It〉 is a constant with respect to the frequency
ω, this will only renormalize the ratio between the first
and the second order corrections in 〈S(ω)〉/〈It〉, and thus
could be easily accounted by a slight renormalization in
the tunnelling coefficient Γ. For these reasons, in this
paper we will neglect these higher order corrections to
〈It〉.
However, we should note that 〈It〉 depends on the ap-
plied voltage, so that if we want to consider the depen-
dence of 〈S(ω)〉/〈It〉 at a fixed frequency ω on the ap-
plied voltage, one needs to take also into account the
corrections of order |Γ|4 to 〈It〉. It actually may be a
good exercise with interesting consequences on its own,
to compute these higher order corrections in 〈It〉 and see
what, if any, are the consequences of the non-abelian and
fractional statistics for the tunnelling current.
In order to compute the next order in perturbation
theory for 〈S(t)〉, it does no longer suffice to resort to
an equilibrium approach, we need to use a Schwinger-
Keldysh non-equilibrium approach20. We thus double
the integration contour such that our time integrals ex-
tend from −∞ to∞ (the η = + part of the contour), and
back from∞ to −∞ (the η = + part of the contour) (see
Fig.2). We thus introduce a new index η to our opera-
tors which describes the branch of the contour on which
a specific operator sits. In terms of the new operators,
− +
η=+
η=−
FIG. 2: The two branches η = ± of the Keldysh contour
we can write
S(t) =
1
2
[I+(t)I−(0) + I+(0)I−(t)] (20)
and
〈S(t)〉 = 1
2
∑
η=±
〈TKIη(t)I−η(0)ei
∫
K
dtδL(t)〉0, (21)
where again we suppressed the spatial indices and the
〈〉0 denotes expectation value with respect to the free
action
∫
K dt
∫
d3xL0. The symbol TK denotes time or-
dering along the Keldysh contour described above and
depicted in Fig. 2, and
∫
K denotes a time integral
along the Keldysh contour,
∫
K
dt =
∑
η=± η
∫∞
−∞ dt ≡∑
η=± η
∫
dt. Expanding the exponentials in Eq.(21) we
can write the second non-zero correction to S(t) as
〈S(t)〉1 = −1
2
∑
η=±
〈TK
∫
K
dt1
∫
K
dt2 ×
× Iη(t)I−η(0)δL(t1)δL(t2)〉0. (22)
The details of computing 〈S(t)〉1 are given in Appendix
A. We obtain
〈S(t)〉1 = −2e∗2|Γ|4
( ∫ t1<0<t2<t
t1,t2
(f
δφ
tt1 − f
δφ
t0 ){f˜ δσtt2 cosπ(δφ − δσ) + f˜ δσt0 [cosπ(δφ + δσ)− 2]}
+f
δφ
tt2{f˜ δσtt2 cosπ(δφ + δσ) + f˜ δσt0 [cosπ(δφ + δσ)− 1− cos 2πδφ]}
+
∫ t1<t2<0<t
t1,t2
f
δφ
tt1 [f˜
δσ
tt2 cosπ(δφ + δσ)− f˜ δσt0 cosπ(δφ − δσ)]
+f
δφ
tt2[f˜
δσ
tt2 cosπ(δφ + δσ)− f˜ δσt0 cosπ(δφ + δσ)]
+f
δφ
t0 {f˜ δσt0 cosπ(δφ + δσ) + f˜ δσtt2 [1− cosπ(δφ + δσ)− cos 2πδφ]}
+
∫ 0<t1<t2<t
t1,t2
(f
δφ
tt1 − f
δφ
t0 )[f˜
δσ
tt1 cosπ(δφ + δσ)− f˜ δσtt2 cosπ(δφ − δσ)]
−f δφtt2{f˜ δσtt2 cosπ(δφ + δσ) + f˜ δσtt1 [cos 2πδφ − 1− cosπ(δφ + δσ)]}
)
(23)
where
fµt0 = |t|µ|t1 − t2|µ|t− t1|−µ|t− t2|−µ|t1|−µ|t2|−µ cos[ω0(t− t1 − t2)]
fµtt1 = |t− t1|µ|t2|µ|t|−µ|t− t2|−µ|t1 − t2|−µ|t1|−µ cos[ω0(t+ t1 − t2)]
fµtt2 = |t− t2|µ|t1|µ|t− t1|−µ|t|−µ|t1 − t2|−µ|t2|−µ cos[ω0(t+ t2 − t1)], (24)
6f˜µt0,t1,t2 = f
µ
t0t1t2
(ω0 → 0), and for the Pfaffian state δσ = δφ = 1/4. This reduces to:
〈S(t)〉1 = −2e∗2|Γ|4
{∫ t1<0<t2<t
t1,t2
[(f
δφ
tt1 − f
δφ
t0 )(f˜
δσ
tt2 − 2f˜ δσt0 )− f
δφ
tt2 f˜
δσ
t0 ]
+
∫ t1<t2<0<t
t1,t2
(f
δφ
t0 f˜
δσ
tt2 − f
δφ
tt1 f˜
δσ
t0 ) +
∫ 0<t1<t2<t
t1,t2
(f
δφ
t0 f˜
δσ
tt2 − f
δφ
tt1 f˜
δσ
tt2 + f
δφ
tt2 f˜
δσ
tt1)
}
(25)
For comparison, we also provide the similar result for the case of a Laughlin state with filling factor ν obtained
from the more general Pfaffian result by setting δφ → 2ν, and δσ → 0.
〈S(t)〉1 = −2e∗2|Γ|4
{∫ t1<0<t2<t
t1,t2
[2f δlt0(1− cosπδl) + 2f δltt1(cos πδl − 1) + f δltt2(2 cosπδl − 1− cos 2πδl)]
+
∫ t1<t2<0<t
t1,t2
f δlt0(1− cos 2πδl) +
∫ 0<t1<t2<t
t1,t2
f δltt2(1− cos 2πδl)
}
, (26)
and δl = 2ν.
A sketch of the integration domains is presented below:
0
0<t<t<t
t2
t1
21
t<0<t<t1 2
t<t<0<t1 2
t
FIG. 3: Intervals of integration
V. DISCUSSION AND RESULTS
A few comments about 〈S(t)〉1 are in order. Note that
we focus only on t > 0, as 〈S(t)〉 is symmetric under
t → −t. Also, when we study it numerically we need
to subtract the corresponding constant 〈It〉2, such that
〈S(t)〉1 goes to zero for large time separations. The re-
sult described above is for zero temperature, and can be
translated to finite temperatures by a conformal trans-
formation under which |t| becomes sinh(|t|πT )/πT .
We also note that we can expand cos[ω0(t+ǫ1t1+ǫ2t2)]
as cos(ω0t) cos[ω0(ǫ1t1 + ǫ2t2)] − sin(ω0t) sin[ω0(ǫ1t1 +
ǫ2t2)], where ǫ1/2 = ±1. Thus, after performing the
integrals over t1 and t2, 〈S(t)〉1 can be written as
cos(ω0t)f1(t) + sin(ω0t)f2(t), where f1 and f2 will be os-
cillatory decaying functions. The nice thing about this
way of writing 〈S(t)〉1 is that the contributions form the
terms proportional to cos(ω0t), and sin(ω0)t in 〈S(t)〉1
can be separated. In general the first type of terms will
yield a Lorentzian peaked about ω0 when Fourier trans-
formed, while the second type of terms will yield a deriva-
tive of a Lorentzian type curve, also centered about the
Josephson frequency ω0.
Thus, we expect that, when Fourier transformed,
each term in equation (23) yields a superposition of
Lorentzians and Lorentzian derivatives centered about
the Josephson frequency ω0. Of course, the magnitude
and the sign of each term depend on the interval of in-
tegration, as well as on the corresponding statistical fac-
tors. Also, the sharpness of each resulting Lorentzian
peak/peak derivative will be determined by the temper-
ature, as well as by the exponent of the corresponding
power law. The exact shape of 〈S(ω)〉1 will be thus de-
termined by the interplay of many factors, and in general
cannot be guessed without a detailed numerical evalua-
tion of each term.
Nevertheless, there a few observations one can make.
The first is that in the case of a Laughlin state all the
power laws involved in 〈S(t)〉1 come as f δlt0,tt1,tt2 , while
in the Pfaffian state some terms come as f
δσ+δφ
t0,tt1,tt2
, while
others come as combinations of f
δφ
t0,t1,t2
and f˜ δσt0,t1,t2 . A
similar observation can also me made about the statisti-
cal factors, in the Laughlin state all the statistical fac-
tors involve δl, while in the Pfaffian state they will involve
δφ+δσ and δφ−δσ . The sources of these difference are the
non-abelian characteristics of the four point correlation
function of the σ operators. Specifically, as described in
detail in Appendices A and B, the four point correlation
function for the σ operators has different forms, depend-
ing on the order of the four times at which the correla-
tion function is evaluated. Thus for each time ordering
of t1, t2, 0 and t, and thus for each domain of integration,
each of the term to be integrated will have a different
form.
This will have a double effect, one on the relative
coefficients, and one on the shape of each term. We
7can compare the relative magnitudes of each term. We
note that for the Pfaffian case the integral is domi-
nated by the terms involving f
δφ
tt2 and f
δφ
tt1 on the interval
0 < t1 < t2 < t. In particular, the term f
δφ
tt1 is responsible
for the differences between the Laughlin and the Pfaffian
cases and it vanishes in the Laughlin state, where the
result is dominated by the term f
δφ
tt2 .
The value of 〈S(ω)〉1, for a Pfaffian and Laughlin state
(ν = 1/5) are plotted below. We chose the values of
the applied potential such that ω0 = 1. Also we chose
the temperature to be T = 0.1, and tunnelling strength
|Γ|2 = 0.5% (Pfaffian), and |Γ|2 = 0.8% (Laughlin). The
numerical integrals over t1 and t2 are done using Math-
ematica. The singularities at t = t1/2, 0, and t1 = t2
are avoided by stopping the integral at some δt = 0.001
away from the singularities (this is equivalent to impos-
ing a high energy hard cutoff). We could have imposed
a soft cutoff as in the previous section by substituting
it → ǫ + it but the hard cutoff procedure is more trans-
parent for the observation of statistics, and it is also eas-
ier to implement numerically. Also, note the rounding
of the Josephson singularities due to finite temperature
effects.
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FIG. 4: The second order correction to the frequency de-
pendent shot noise 〈S(ω)〉1 (in units of e
∗〈It〉), as a function
of frequency (in units of ω0) in the Pfaffian state. We set
T = 0.1, and |Γ|2 = 0.5%
We note that the effect of the higher order correction
in the noise is an enhancing and a shifting of the sin-
gularity towards lower frequncies in the Pfaffian state
and a flattening of the singularity in the Laughlin state.
Also we note a decrease in the shot noise at zero and
small frequencies, such that the ratio 〈S(ω)〉/〈It〉 de-
creases slightly in the Pfaffian state and in the Laughlin
state with ν = 1/3 and increases slightly for the Laugh-
lin state with ν = 1/5. This effect appears to be more
significant in the Pfaffian state in the sense that a tun-
neling strength Γ which produces comparable shifts of
the Josephson frequency leads to a much larger suppres-
sion of the zero-frequency shot noise in the case of the
Pfaffian.
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FIG. 5: The total shot noise 〈S(ω)〉 (in units of e∗〈It〉) as a
function of frequency (in units of ω0) in the Pfaffian state.
The dotted line is the first order contribution to shot noise.
The solid line is the shot noise coming from both the first and
the second order terms. Note the shifting and the enhancing
of the peak at the Josephson frequency as a result of including
the higher order term, and the low frequency reduction in the
shot noise. We set T = 0.1, and |Γ|2 = 0.5%
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FIG. 6: The second order correction to the frequency de-
pendent shot noise 〈S(ω)〉1 (in units of e
∗
l 〈It〉), as a function
of frequency (in units of ω0) in the Laughlin state. We set
T = 0.1, and |Γ|2 = 0.8%
This effect is not as dramatic as the underlying physics;
once it is Fourier transformed and inserted into the ex-
pression for the noise, the structure in the quasiparticle
four-point function is masked. Hence, it might also be
worth analyzing other setups, see for example the se-
tups in Ref. 11,12. A very similar calculation for abelian
Laughlin and Jain states has been performed in a three
terminal geometry12. The authors conclude that the
dependence of shot noise in their setup also included
Lorentzian peaks and peak derivatives, yielding contri-
butions similar to our findings, and which could distin-
guish between the Laughlin and Jain states. This setup
is harder to achieve experimentally, but it has the ad-
vantage that, while in our setup the relevant non-abelian
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FIG. 7: The total shot noise 〈S(ω)〉 (in units of e∗l 〈It〉) as a
function of frequency (in units of ω0) in the Laughlin state.
The dotted line is the first order contribution to shot noise.
The solid line is the shot noise coming from both the first and
the second order terms. Note the shifting and the flattening
of the peak at the Josephson frequency as a result of including
the higher order term. We set T = 0.1, and |Γ|2 = 0.8%
physics comes in only as a second order correction, in a
three terminal setup, it may be evident in the first non-
zero order, which would make it easier to observe experi-
mentally. In the next section, we make a few observations
about the formalism needed for such a calculation.
To sharpen the distinction between the Pfaffian state
and other quantum Hall states (especially Abelian ones),
it would be useful to repeat our calculation for the Jain
sequence, the (3,3,1) state, etc., and compare these re-
sults with those given above.
VI. MULTI-TERMINAL SETUP
Since the effects of non-Abelian statistics first appear
in fourth-order correlation functions, it would be advan-
tageous to look at experimental setups in which the lead-
ing processes occur at this order. Consider the setup de-
picted in figure 8. In order to describe tunneling between
the different leads, we introduce multiple chiral Pfaffian
edges σi, ψi, φi, with i = 1, 2, . . . , n. (These fields are
all chiral, so we do not bother adding a subscript R.)
Naively, the tunneling operator between edges i and j
takes the form:
Hi,jtun = −Γσiσjei(φi−φj)
√
g/2 + h.c. (27)
However, this is not quite right because it treats the dif-
ferent edges as completely independent. In reality, they
are not quite independent because quasiparticles at the
different edges must still have (non-Abelian!) braiding
statistics. This can be accommodated by modifying (27)
to
Hi,jtun = −ΓF †i Fj τiτj σiσjei(φi−φj)
√
g/2 + h.c. (28)
by introducing ‘Klein factors’ Fi and τi, i = 1, 2, . . . , n.
These operators satisfy commutation relations which
are ‘reverse engineered’ to give the correct quasiparti-
cle statistics. The Fis account for the Abelian part and
satisfy the relations22:
F †i Fi = 1
Fi Fj = e
ipig
4
pij Fj Fi (29)
where pij = 0,±1 are chosen to ensure that tunneling
operators commute if their tunneling paths do not inter-
sect but acquire a phase ±iπg/4 upon commutation if
the tunneling paths have intersection number ±1. (Re-
member that g = 1/2 for a Pfaffian state at ν = 5/2.)
These relations were obtained by requiring that Hi,jtun
and Hk,ltun have the same properties as anyonic quasipar-
ticle trajectories (or Wilson lines). In the non-Abelian
case, this generalizes to a skein relation. This skein rela-
tion can only be satisfied with matrices, from which the
non-Abelian nature of the statistics follows. Following
the logic used in the ABelian case, but now generalized
to this more complicated situation, we suggest that the
correct statistics can be implemented by making the τis
satisfy the following relations.
τ2i = 1 (30)
To write down the commutation relations between differ-
ent τis, we group the leads into pairs. This can be done
arbitrarily but, for convenience, we group them as (1, 2),
(3, 4), . . ., (2j − 1, 2j), . . .. Each pair of leads has a gap-
less fermionic level associated with it. The commutation
relation between two τis from the same pair is:
τ2j−1τ2j = e
ipi
4
σzj τ2jτ2j−1 (31)
When a quasiparticle from one pair of leads hops onto
a lead from a different pair, the two two-level systems
are coupled. The commutation relation between two τis
from different pairs features a 4× 4 matrix which acts on
these two two-level systems
τkτl =
1√
2
(
1 −iσx
−iσx 1
)pkl
τlτk (32)
The numbers pkl are the same as for the Abelian Klein
factors Fi.
In the two-terminal case, which was our primary in-
terest in this paper, these Klein factors should, strictly
speaking be present, but they have no effect since the fac-
tors associated with hopping from lead 1 to lead 2 and its
conjugate commute, e.g. (τ1τ2)(τ2τ1) = (τ2τ1)(τ1τ2) = 1.
In the multi-lead case, Klein factors can have a dra-
matic effect on correlation functions even in the Abelian
case, where their commutation relations take a simpler
form12,22. The same is true here. In particular, we expect
that some of the effects which we have found at fourth
order in the two-terminal case will now appear at low-
est order for current cross-correlations between different
leads. This will be further investigated elsewhere19.
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FIG. 8: A multi-lead setup. We treat the edge theory opera-
tors at the different leads as independent, but must introduce
Klein factors into our formalism in order to correctly account
for quasiparticle statistics.
VII. CONCLUSION
We computed the shot noise in the tunnelling current
between two edges of a quantum Hall fluid in a Pfaf-
fian state. Specifically we analyzed the frequency depen-
dence of the shot noise perturbatively in the tunnelling
strength. We focused on the first two non-zero orders in
perturbation theory. We found that, while the first non-
zero order reveals some interesting physics, it does not
encode any information about the non-abelian nature of
the Pfaffian state. We also found that the second order
in perturbation theory indeed contains information about
the non-abelian physics. The effects of the non-abelian
physics are manifest in the shot noise, in that the higher
order correction has different features than, for exam-
ple, a regular Laughlin state. Specifically, we found that
the singularity in the shot noise at the Josephson fre-
quency is shifted towards lower frequency and enhanced
in the Pfaffian state and flattened in the Laughlin state.
Also, the ratio of 〈S(t)〉/〈It〉 at zero and small frequen-
cies is decreased in the Pfaffian state and in the Laughlin
state with ν = 1/3,and increased in the Laughlin state
with ν = 1/5. Unfortunately, we cannot say if these fea-
tures are entirely distinctive for a Pfaffian state and non-
abelian statistics, and may appear also in other types of
states, e.g. Jain, Halperin, 331. We hope however that
our analysis and results will be a first step towards a thor-
ough analysis of the effects of the non-abelian statistics
in various other multi-terminal shot noise experiments,
where more definite effects might be easier to isolate,
and also will increase the interest to perform the shot
noise experiments that would look for these sort of fea-
tures. We must note that much of the relevant physics
should come in at the Josephson frequency geV/2~ in
the range of GHz to THz, for applied voltages of order
of microvolts to millivolts, which should be observable
experimentally.
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APPENDIX A: PERTURBATIVE EXPANSION FOR THE CURRENT NOISE
We will evaluate the second order correction to S(t):
〈S(t)〉1 = −1
2
∑
η=±
〈TK
∫
K
dt1
∫
K
dt2I
η(t)I−η(0)δL(t1)δL(t2)〉0. (A1)
Here
∫
K
dt =
∑
η=± η
∫∞
−∞ dt ≡
∑
η=± η
∫
dt. Also we have
δL(t) = −ΓTˆ (t)e−iω0t − Γ∗Tˆ †eiω0t. (A2)
and
It(t) = ie
∗ΓTˆ (t)e−iω0t − ie∗ΓTˆ †(t)eiω0t, (A3)
where Tˆ (t) = σ(t)eiφ(t), and e∗ = ge/2. Thus we obtain for S(t):
〈S(t)〉 = −1
2
(ie∗)2|Γ|4
∑
η,η1,η2
η1η2
∑
ǫ=±1
∑
ǫ1=±1
−ǫ1∑
ǫ2=−1
ǫ1
∫
dt1
∫
dt2e
iǫω0[t+ǫ2t1−(1+ǫ1+ǫ2)t2] ×
×〈TKTˆ ǫ(tη)Tˆ ǫǫ1(0−η)Tˆ ǫǫ2(tη11 )Tˆ−ǫ(1+ǫ1+ǫ2)(tη22 )〉0. (A4)
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We note that 〈S(t)〉1 must be symmetric for t→ −t, thus we are only going to focus on t > 0. We also note that in
this situation, various terms from the above expansion cancels for various ordering of the times t1, t2, 0 and t. This is
expected, due to causality, i.e., processes in which either one or both of two virtual quasiparticle tunnelling between
edges happen after the measurement of 〈It〉 cannot contribute to fluctuations. In other words, only the situations
for which at least one of the conditions t1 < 0 < t and t2 < 0 < t holds will contribute. Noting the symmetry
in exchanging t1 and t2, we conclude that we can write 〈S(t)〉1 as a sum of three integrals over three domains of
integration in the (t1, t2) plane. The three domains of integration are depicted in Fig. 9. The intervals symmetric
about the t1 = t2 axis will provide an equal contribution, which is taken into account by an extra factor of 2. Given
0
0<t<t<t
t2
t1
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FIG. 9: Intervals of integration
the fact that in each individual integration domain the ordering of the four times is well defined we can explicitly
evaluate the Keldysh time-ordering operator. We thus obtain
〈S(t)〉 = −e∗2|Γ|4{
∫ t1<0<t2<t
t1,t2
[F (0, t, t2, t1) + F (t, t2, 0, t1)− F (0, t2, t, t1)− F (t2, t, 0, t1)]
+
∫ t1<t2<0<t
t1,t2
[F (0, t, t2, t1) + F (t, 0, t2, t1)− F (t2, 0, t, t1)− F (t2, t, 0, t1)]
+
∫ 0<t1<t2<t
t1,t2
[F (0, t, t2, t1) + F (t, t2, t1, 0)− F (0, t2, t, t1)− F (t2, t, t1, 0)]}+ h.c. (A5)
where
F (α1, α2, α3, α4) = 〈σ(α1)σ(α2)σ(α3)σ(α4)〉{Ftt1(α1, α2, α3, α4) cos[ω0(t+ t1 − t2)]
+Ftt2(α1, α2, α3, α4) cos[ω0(t+ t2 − t1)]
−Ft0(α1, α2, α3, α4) cos[ω0(t− t2 − t1)]}. (A6)
Here α1, α2, α3, α4 are the possible permutations of of t1, t2, 0, t, and
Ftti(α1, α2, α3, α4) = 〈eiφ(α1)si(α1)eiφ(α2)si(α2)eiφ(α3)si(α3)eiφ(α4)si(α4)〉, (A7)
with t0 = 0, and s0(0, t, t1, t2) = (1, 1,−1,−1), s1(0, t, t1, t2) = (−1, 1, 1,−1), and s2(0, t, t1, t2) = (−1, 1,−1, 1). More
explicitly Ftti is the four point correlation function of the four e
iφ operators in which φ(t) and φ(ti) appear with the
same sign in the exponent.
Using Wick’s theorem we find that
Ftti (α1, α2, α3, α4) = |α1 − α2|δφsi(α1)si(α2)|α1 − α3|δφsi(α1)si(α3)|α1 − α4|δφsi(α1)si(α4) ×
× |α2 − α3|δφsi(α2)si(α3)|α2 − α4|δφsi(α2)si(α4)|α3 − α4|δφsi(α3)si(α4) ×
× exp{iδφπ[sgn(α1 − α2)si(α1)si(α2) + sgn(α1 − α3)si(α1)si(α3) + sgn(α1 − α4)si(α1)si(α4) +
+ sgn(α2 − α3)si(α2)si(α3) + sgn(α2 − α4)si(α2)si(α4) + sgn(α3 − α4)si(α3)si(α4)]/2}, (A8)
where δφ = g/2.
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As detailed in Appendix B we also find the four point correlation function for the σ operators starting from a CFT
analysis of the correlation functions of the Ising model21.
〈σ(α1)σ(α2)σ(α3)σ(α4)〉 = F σ12(α1, α2, α3, α4)[θ(1324) + θ(1342) + θ(2413) + θ(2431) + θ(3124) + θ(3142)
+θ(4213) + θ(4231)]
+F σ13(α1, α2, α3, α4)[θ(1234) + θ(1432) + θ(2143) + θ(2341) + θ(3214) + θ(3412) + θ(4123) + θ(4321)]
+F σ14(α1, α2, α3, α4)[θ(1243) + θ(1423) + θ(2134) + θ(2314) + θ(3241) + θ(3421) + θ(4132) + θ(4312)], (A9)
where θ(abcd) = 1 for αa > αb > αc > αd and is zero otherwise. Also
F σ12(α1, α2, α3, α4) = |α1 − α2|δσ |α3 − α4|δσ |α1 − α3|−δσ |α1 − α4|−δσ |α2 − α3|−δσ |α2 − α4|−δσ ×
× eiπδσ[sgn(α1−α2)+sgn(α3−α4)−sgn(α1−α3)−sgn(α1−α4)−sgn(α2−α3)−sgn(α2−α4)]/2, (A10)
and similarly
F σ13(α1, α2, α3, α4) = |α1 − α3|δσ |α2 − α4|δσ |α1 − α2|−δσ |α1 − α4|−δσ |α2 − α3|−δσ |α3 − α4|−δσ ×
× eiπδσ[sgn(α1−α3)+sgn(α2−α4)−sgn(α1−α2)−sgn(α1−α4)−sgn(α2−α3)−sgn(α3−α4)]/2, (A11)
and
F σ14(α1, α2, α3, α4) = |α1 − α4|δσ |α2 − α3|δσ |α1 − α3|−δσ |α1 − α2|−δσ |α3 − α4|−δσ |α2 − α4|−δσ ×
× eiπδσ[sgn(α1−α4)+sgn(α2−α3)−sgn(α1−α3)−sgn(α1−α2)−sgn(α3−α4)−sgn(α2−α4)]/2, (A12)
with δσ = 1/4.
After some tedious but straightforward algebra one gets:
〈S(t)〉1 = −2e∗2|Γ|4
( ∫ t1<0<t2<t
t1,t2
(f
δφ
tt1 − f
δφ
t0 ){f˜ δσtt2 cosπ(δφ − δσ) + f˜ δσt0 [cosπ(δφ + δσ)− 2]}
+f
δφ
tt2{f˜ δσtt2 cosπ(δφ + δσ) + f˜ δσt0 [cosπ(δφ + δσ)− 1− cos 2πδφ]}
+
∫ t1<t2<0<t
t1,t2
f
δφ
tt1 [f˜
δσ
tt2 cosπ(δφ + δσ)− f˜ δσt0 cosπ(δφ − δσ)]
+f
δφ
tt2[f˜
δσ
tt2 cosπ(δφ + δσ)− f˜ δσt0 cosπ(δφ + δσ)]
+f
δφ
t0 {f˜ δσt0 cosπ(δφ + δσ) + f˜ δσt2 [1− cosπ(δφ + δσ)− cos 2πδφ]}
+
∫ 0<t1<t2<t
t1,t2
(f
δφ
tt1 − f
δφ
t0 )[f˜
δσ
tt1 cosπ(δφ + δσ)− f˜ δσtt2 cosπ(δφ − δσ)]
−f δφtt2{f˜ δσtt2 cosπ(δφ + δσ) + f˜ δσtt1 [cos 2πδφ − 1− cosπ(δφ + δσ)]}
)
(A13)
where
fµt0 = |t|µ|t1 − t2|µ|t− t1|−µ|t− t2|−µ|t1|−µ|t2|−µ cos[ω0(t− t1 − t2)]
fµtt1 = |t− t1|µ|t2|µ|t|−µ|t− t2|−µ|t1 − t2|−µ|t1|−µ cos[ω0(t+ t1 − t2)]
fµtt2 = |t− t2|µ|t1|µ|t− t1|−µ|t|−µ|t1 − t2|−µ|t2|−µ cos[ω0(t+ t2 − t1)], (A14)
f˜µt0,t1,t2 = f
µ
t0t1t2
(ω0 → 0), and for the Pfaffian state δσ = δφ = 1/4.
For comparison, we also provide the similar result for the case of a Laughlin state with filling factor ν, obtained
from the above equation by setting δφ → 2ν and δσ → 0:
〈S(t)〉1 = −2e∗2|Γ|4{
∫ t1<0<t2<t
t1,t2
[2f δlt0(1 − cosπδl) + 2f δltt1(cosπδl − 1) + f δltt2(2 cosπδl − 1− cos 2πδl)]
+
∫ t1<t2<0<t
t1,t2
f δlt0(1− cos 2πδl) +
∫ 0<t1<t2<t
t1,t2
f δltt2(1− cos 2πδl)}, (A15)
where δl = 2ν.
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APPENDIX B: FOUR POINT CORRELATION FUNCTION FOR THE σ OPERATORS
In order to derive the real time four point correlation function for the Ising σ operators, we start from the imaginary
time conformal field theory result21:
〈σ(z1)σ(z2)σ(z3)σ(z4)〉 =
∣∣∣ z13z24
z14z23z12z34
∣∣∣1/4
√
1 + |X |+ |1−X|
2
, (B1)
where z = τ + ix, and zij = zi − zj . We chose to denote X = z12z34/z13z24. Since all our correlations will involve
operators at the tunnelling point we will set all xi’s to zero. In this limit we can evaluate the four point correlation
functions and we note that
〈σ(z1)σ(z2)σ(z3)σ(z4)〉 =
∣∣∣ z13z24
z14z23z12z34
∣∣∣1/4, for 0 < X < 1,
∣∣∣ z13z24
z14z23z12z34
∣∣∣1/4√1−X =
∣∣∣ z14z23
z13z24z12z34
∣∣∣1/4, for X < 0,
∣∣∣ z13z24
z14z23z12z34
∣∣∣1/4√X = ∣∣∣ z12z34
z13z24z23z14
∣∣∣1/4, for X > 1, (B2)
By analytical continuation τi → iαi to real time this yields:
〈σ(α1)σ(α2)σ(α3)σ(α4)〉 = F σ12(α1, α2, α3, α4)[θ(1324) + θ(1342) + θ(2413) + θ(2431) + θ(3124) + θ(3142)
+θ(4213) + θ(4231)]
+F σ13(α1, α2, α3, α4)[θ(1234) + θ(1432) + θ(2143) + θ(2341) + θ(3214) + θ(3412) + θ(4123) + θ(4321)]
+F σ14(α1, α2, α3, α4)[θ(1243) + θ(1423) + θ(2134) + θ(2314) + θ(3241) + θ(3421) + θ(4132) + θ(4312)], (B3)
where θ(abcd) = 1 for αa > αb > αc > αd and is zero otherwise. Also
F σ12(α1, α2, α3, α4) = |α1 − α2|δσ |α3 − α4|δσ |α1 − α3|−δσ |α1 − α4|−δσ |α2 − α3|−δσ |α2 − α4|−δσ ×
× eiπδσ[sgn(α1−α2)+sgn(α3−α4)−sgn(α1−α3)−sgn(α1−α4)−sgn(α2−α3)−sgn(α2−α4)]/2, (B4)
and similarly
F σ13(α1, α2, α3, α4) = |α1 − α3|δσ |α2 − α4|δσ |α1 − α2|−δσ |α1 − α4|−δσ |α2 − α3|−δσ |α3 − α4|−δσ ×
× eiπδσ[sgn(α1−α3)+sgn(α2−α4)−sgn(α1−α2)−sgn(α1−α4)−sgn(α2−α3)−sgn(α3−α4)]/2, (B5)
and
F σ14(α1, α2, α3, α4) = |α1 − α4|δσ |α2 − α3|δσ |α1 − α3|−δσ |α1 − α2|−δσ |α3 − α4|−δσ |α2 − α4|−δσ ×
× eiπδσ[sgn(α1−α4)+sgn(α2−α3)−sgn(α1−α3)−sgn(α1−α2)−sgn(α3−α4)−sgn(α2−α4)]/2, (B6)
with δσ = 1/4.
We can try to understand the physics of this result; one notes that F σ12/13/14 are the three cross ratios appearing
in the fourth order correlation functions. In a fourth order correlation function for an abelian state, they usually
appear in quasi-symmetric combinations, such that by exchanging two of the times the most significant effect is the
apparition of various phase factors, characteristic of fractional statistics. In the non-abelian case however, we see that
the physics is very different, in that when we exchange two of the times, not only one acquires phase factors, but one
can also change the form of the correlation function from one of F σ12/13/14 cross ratios to another.
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